Realization of Lie Algebras by Analytic Functiom of Generators
of a Given Lie Algebra .
P. CHAND,t c. L. MfHrA,.. N. MUKUNDA,: AND E. c. G. SUDARSHAN Physics Deparlment, Syracuse Unit'ersity. Syracuse, New York (Re(%ived 30 December 1966) In this paper we discuss the problem of the Poisson bracket realization of various Lie algebras in terms of analytic functions of the generators of a given Lie algebra. We pose and solve the problem of realizing the general 0(4), 0(3, I ), and £(3) algebras in terms of analytic function$ of the generators or a prescribed realization of an £(3) algebra. A similar problem is solved for the symmetric tensor realizations of SU(3) and SL(3, R). Related questions are discussed for O(n + I), O(n, I), £(n), SU(n), and SL(n, R). We study in some detail the finite canonical transformations realized by the generators of the various groups. The relation of these results to the reconstruction problem is briefly discussed.
of elements whose Lie algebraic structures are isomorphic. Given any Lie algebra .A. of quantities which possess an associative law of multiplication (in addition to the Lie bracket), we can define an enveloping algebra 8 whose elements are polynomials in the elements of the primitive Lie algebraA. The enveloping algebra 8 can be given an induced Lie algebra structure by imposing the relation {XI where the curly bracket stands for the Lie bracket and the dot (which will usually be omitted} stands for the associative product. We can generalize. our definition of the enveloping algebra & by including among its elements the analytic functions of the elements of the primitive Lie algebra A. This enveloping algebra & is given an induced Lie-algebra structure by imposing the derivation property. Using this rule, we can identify & with an infinite-dimensional Lie algebra. In classical mechanics it would be a Lie algebra of Poisson brackets, whereas in quantum mechanics it would be a Lie algebra of commutators. The enveloping algebras in the two cases have, in general, quite different structures. However, in both cases there are certain sets of invariant elements which have vanishing Lie brackets with every element of the primitive Lie algebra and, consequently, with every element of the enveloping algebra. For the quantum-mechanic:ll case, these are the well-known invariant operators, which are expressible as functions of the so-called Casimir invariants. If the N elements of the primitive Lie algebra are denoted by XI t X,t ...t XN t then the Casimir invariants (for both quantum and classical systems) are homogeneous polynomials of the type I. INTRODUCfION T HE success. of group-theoretic methods in particle physics has led to a re-examination of these methods as applied to elementary dynamical problems in both quantum and classical mechanics. One finds that sometimes the quantum-mechanical and the classical-mechanical problems can be made to correspond to each other in such a fashion that their invariance groups and their noninvariance groups have the same structure. Thus, for example, the isotropic hannonic oscillator in n dimensions has the invariance group SU(n) and the noninvariance groups SU(n, I) and SU(n + I), both in classical and in quantum mechanics.1
For quanturn-mechanical systems, the Lie algebras of the invariance and noninvariance groups are realized by commutation relations between appropriate dynamical operators, whereas for classical systems the Lie algebras are realized by Poisson brackets between appropriate dynamical variables. That such different Iizations exhibit a correspondence between them is quite remarkable. It has been known for quite some time that the infinite-dimensional Lie algebras of polynomials in canonical variables for quantum mechanics (commutator brackets) and for classical mechanics (Poisson brackets) have quite different structures.2 Yet there exists the same local Lie group in both kinds of dynamics. This, then, suggests that in these two different algebraic systems, there are selected subsets where CSI ...2~ are some numerical coefficients which are symmetric in the indices :XI' ..., :xn. It is possible that in some particular realizations these Casimir invariants may degenerate into numbers. (In fact, in the case of irreducible realizations, all these invariant elements reduce to numbers.)
In many cases, it is possible to select, out of the infinite-dimensional enveloping algebra, a finitedimensional subset of elements which constitute another Lie algebra. We show, in this paper, how such construction can be carried out for the realizations of the Lie algebras by Poisson brackets. We begin in Sec. 2 by giving the structures and the Casimir invariants of the Lie algebras of the groups £(3), 0(4), 0(3, 1), SU(3), and SL(3, R). A simple realization of all these Lie algebras in terms of three pairs of canonical variables qa , Pa (a = I, 2, 3) is also given in this section. In Sec. 3, after defining the primitive £(3) Lie algebra and the corresponding generalized enveloping algebra, we give explicit realizations of the 0(4), 0(3, I), and other £(3) Lie algebras. The properties of the finite canonical transformations generated by the elements of these Lie algebras are also discussed. A similar problem is discussed for SU(3) and SL(3, R) Lie algebras in Sec. 4. Section 5 deals with a generaJization to n dimensions, while in Sec. 6 we discuss briefly the relation of these results to the problem of reconstruction of canonical variables from the generators of a noninvariance group.
I. u~ u~ aJgcora 01 Ule reaJ pseudo-ol1hogonal group 0(3, 1) in four dimensions again consists of six elements: Jo' K; , and has the following basic Poisson brackets:
STRUCTURES AND INVARIANTS OF THE LIE ALGEBRAS OF V ARIOUS GROUPS
In this section we briefly outline the structure and invariants of the Lie algebras of £(3), 0(4), 0(3, I), SU(3), and SL(3, R). 
Here E"b. is the completely anti symmetric unit tensor of Levi-Civita. Throughout this paper we employ the usual summation convention according to which a summation is implied over repeated dummy indices. The two quadratic elements iT. SU(3) Lie AJg..
The Lie algebra of the unimodular unitary group SU(3) in three dimensions consists of eight elements: I. (a ~ 1,2, 3) and five linearly independent elements of a symmetric traceless "quadrupole" tensor Q..: of the enveloping algebra are invariants. We shall assume that the realization is real and faithful so that p2 is positive and may be normalized to unity. There are, however, two classes of realizations corresponding to vanishing or nonvanishing of J .p .
ii. 0(4) Lie Algebra
The Lie algebra of the real orthogonal group 0(4) in four dimensions also consists of six elements : J{J , K,., having the following basic Poisson brackets (I ~ a, b, c ~ 3):
{J{J , Jb} = £{Jb.J. , (2.6) It will be seen that, with the particular choice of the over-all coefficient in (2.26), in some realizations the cube of the quadratic invariant equals the negative of the square of the cubic invariant. For each of these Lie algebras, an explicit construction can be given for the appropriate elements in terms of three pairs of canonical variables qo, Po which 30) where f and 9 are some functions of JZ. If we now impose J .p = 1%0 and pi = 1, we obtain, from ~2.30), the following expression for P,,:
It may easily be verified that (2.29) and (2.31) do furnish a realization of £(3). For the elements of the 0(4) Lie algebra, we have the following simple construction:
In this particular realization the invariant J .K vanishes and the other invariant JZ + KI has the value pa. If we choose 1" given by (2.32) and K.. by an expression similar to the one given on the right-hand side of (2.30) and impose the conditions J .K = (X,8, 11 + KI = (XI + pa, we obtain a realization with arbitrary values of the two invariants:
It may be checked that this is a solution of (2.8).
Without loss of generality we can assume ..8 ~ I(XI ~ 0. The realization given by (2.34), (2.35) is real in the region ~I ~ 11 ~ pa. A realization of 0(3, 1) is obtained by simply choosing K: = iK" and by analytically continuing x to pure imaginary values, i.e., by putting (X' = i:x.
where ~' is now real. We thus obtain the following construction for the elements of 0(3, 1) Lie algebra: and ( .,;'3/2)(3.1"Q"bJb -Q"bQbcQca) = -(1/3J3)(qJ + pl)3, (2.41)
so that for such realizations, the two invariants cannot be assigned independent values [the cube of (2.40) equals the square of (2.41)]. Lastly, a simple construction for the elements of the SL(3, R) Lie algebra in terms of the three pairs of canonical variables q" , p" is given by
(2.42) Because of these two constraints the phase space is now a four-dimensional space. However. we will continue to label the points of this phase space by two vectors P and J. The finite canonical transformation generated by 1.. and p ..are mappings of this phase space on to itself. and provide a realization of the group £(3). Under a finite canonical transformation generated by 1.. the point (P..1J is mapped to a new point (P~.1;) as follows:
(2.45) For such a realization also, the two invariants cannot be assigned independent values [the cube of (2.44) equals the negative of the square of (2.45)].
All these general constructions are made in terms of one set of three canonical pairs of variables. It is shown in the following sections that it is possible to express the elements of one realization as functions of the elements of another realization. In general, the functional forms involve algebraic functions, rather than polynomials. We therefore have to work with the elements of the generalized enveloping algebra which contains analytic functions (not only polynomials) of the generators. Within such a frameu work we show, in the following sections, that the generators of the Lie algebras of 0(4), 0(3, I), £(3), SV(3), and SL(3, R) can be expressed in terms of the elements of a generalized enveloping algebra of a given £(3) realization.
REALIZATION OF 0(4), 0(3, I), AND £(3) LIE ALGEBRAS BY ANAL YTIC FUNcrlONS OF p AND J
We begin by defining the £(3) representation in terms of which we will construct 0(4), 0(3, I), SV(3), SL(3, R), and other £(3) generators. We consider two three-dimensionaI vectors P and J obeying It is easy to verify that p~ , J~ obey the same Poissonbracket relations as p 4' J 4' so that the above transformation is in f~ct a canonical transformation. We denote this transformation by (0, R). Next consider a finite transformation generated by p 4:
---p~ = exp <"!::.!)P 4 = p 4' (3.7) J~ = exp(A .P)J4 = J. + f4t.P.;.o. If we multiply this last equation by (~a -J2Pa).
We denote this transformation by (A, I
(1 a -:xoP a). and £a.,J .p f and sum over a in the resulting three equations. we obtain fJg + J2g' + ~fJ = 0, (3.12)
-(3.14)
where we have assumed J2 -~ ~ 0. Apart from the trivial solution h = /a = 0, 9 = 1 (i.e., K = :;i:;J), we obtain on solving (3.12)-(3.14) the following functional forms ofh,h, and g: ..,
We have the following composition law:
where R'A is the vector whose components are R"b).b, (a = 1, 2, 3). These finite canonical transformations map the entire phase space of £(3) onto itself, and there is no region in the phase space which is invariant under all the transformations (A, R). Further, we may verify that every transformation (A, R) preserves the restriction JI ~ ~ , which is implied by (3.4) and the reality of P" and J" .
We are now interested in constructing generators for 0(4) and other Lie algebras as analytic functions of p o and Jo. We win find that, in general, these generators will be real in some regions of the underlying £(3) phase space and complex in others. When we consider the finite canonical transformations arising from these generators, we can impose the following requirement: There exists some region in the phase space, which is mapped into itself under these canonical transformations; i.e. , given any real point (P" .J,J in this region, the transformed point (P~ ' J~) also lies in this region, with p~ and J~ being real. We then obtain a representation of the group elements by means of finite real canonical transformations operating within this region of phase space. As is seen later, this requirement will, in gGneral, impose further restrictions on the generators.
Let us begin with the construction of the 0(4) generators in items of the £(3) generators. We choose to leave the 0(3) subalgebra unaltered, so that the first three generators are J 1 , J I, J 3 .The most general form of the other three generators K" (a = I, 2, 3) is given by v, (3.17) Here 0(JZ) is an arbitrary function of Jz, and ~ and p are two real constants. This is the most general solution of (3.10), since the invariants Jz + K2 = ~2 + {11 (3.18) and (3.19:
J.K=IXP can be assigned independently. Without loss of generality, we can assume ,8 ~ I~I ~ 0. In analogy with the quantum-mechanical case, we call the 0(4) representation with J .K = 0, the "symmetric traceless tensor representation. "
We now discuss the above solution in some detail. We note first that, according to (3.18) and (3.19), the two invariants are entirely independent of the function 0. It should therefore be possible to trace the arbitrariness associated with 0 to a freedom in the choice of the form of the generators. This is in fact true. The arbitrary function 0 simply reflects the freedom to make canonical transformations generated K, , =hP4+h£4b., JbPc+gJ4, (3.10) where h, h, and 9 are functions of J2, to be determined. Equations (2.6) and (2.7) are automatically satisfied because of (3.1}-(3.3), whereas if we impose (2.8), we get a set of first-order differential equationss involving h, h, and 9 in their dependence on J2.
For this purpose, we rewrite (2.8) in a slightly different, but equivalent, form:
£"bc{Kb, Kc} = 2J". (3.11)
I We follow the method of calculation to be found in H. Bacry. Nuovo Cimcoto 41A. 221 (1966). where Rba is the orthogonal matrix given by (3.6). The magnitudes of these vectors are thus fixed : 
+
Therefore, if we start with a point (P 4' ] J with 11' 1 2 ~ max (:xI, IX.;>, then, by choosing an appropriate canonical transformation in 0(4) of the type (3.25), we get an image (P~ , 1~) with 1'2 lying anywhere between the valuess p2 and :x2 (i.e., ;32 ~ 1'2 ~ X2). However, if P" is real, we also have 1'2 ~ max ( IXi, x~, and therefore :x2 ~ ~ .
We have then the following result: Given the phase space of £(3) with a certain '%0 , the generators K" of (3.21), for ;3 ~ IIXI ~ 1'%01, are real in tht; region tr" ~ 12 ~ IX2. The finite canonical transformation generated by] " and K" map this region into itself and provide a representation of the group 0(4). If l:xl < IlXoi, the K" are real in the region ps ~ 12 ~ IX~; however, in this case there is no region in the phase space which is invariant under the transformation generated by K". [Alternatively, for every finite transformation generated by Kc, there exist some real points (P" , l,,) which are carried into points (P~ ' 1w ith complex P~.] As a particular case we see that, in order to obtain a real representation of 0(4) of the .'symmetric traceless tensor" type with IX = 0, we must start with IXo = 0.
Let us now consider the region of the phase space where the generators (3.21) are not real. The generators K" become complex outside the region ps ~ ]2 ~ IXI (with {J ~ I~I > IlXoi), and we do not have areal realization of any Lie algebra. If, however, we make an "analytic continuation'. of the parameter ~ to pure imaginary values. we can generate real realizations of the 0(3, I) Ue algebra in the region ]2 ~ ps. We define K~ = iKc and simultaneously put ~' = i~ (with ' real), and obtain, from (3.21), the following expression for K~ : .Since we have obtained an expression for Pin tenns of I: and J. we can, in all of the present discussion. replace P by (3.23) and thus obtain realizations of various Lie algebru in tenus of analytic functions of I: and J. the Reneraton of 0(4).
.The fact that /1" and XS are the maximum and minimum values, respectively, attained by P under the finite canonical transformations generated by K can also be seen from the relation 0 = cSP = ~p (15}. , K}J' -P = (J X K) .,)'). We can evaluate the minimum value attained by ]1 under finite canonical transformation generated by Kt. Let (P a' la) be the point with a minimum value of 11. Under an infinitesimal transformation generated by Kt, we have d(ll) = 2J .dJ = 2Ja{5A .Kt, la} = 25A. (J X Kt).
(3.30) For ]1 to be minimum, d(J1) = 0, and we then find from (3.28)-(3.30) that this minimum value is pa. Thus, under the finite canonical transformations generated by J and Kt, the region ]1 ~ pa is mapped into itself and we have a real realization of the group 0(3, I).
The above discussion also holds for the case a; = «0 = 0, i.e., the generators l. and K; given by K~ -{1' -.8'}iP. (3.31) provide a real realization of the group 0(3, I) in the region]1 ~ pa. We note, however, that if we replace pa by -pa in (3.31), we obtain a realization of the 0(3, 1) Lie algebra, real over the entire phase space of £(3). In this case, the entire phase space is mapped into itself under all finite canonical transformations generated by J, or Kt = {1. + pa}ip G .
To summarize, then, starting with an £(3) realization with a given «0 and with the parameters p, õ beying p ~ I~I ~ 1«01, la and KG of (3.21) generate a real realization of the group 0(4) in the region pa ~ JI ~ ~.. Outside this region, the x. are complex. One can analytically continue ~ to ~t = ;~ with ~t real, and obtain K~ of Eq. (3.27), which together with lG generate a real realization of the group 0(3, I) in the region JI ~ pa. If ~ = «0 = 0, we also have a realization of the group 0(3, I), real over the entire phase space.
We conclude this section by considering the "contraction " of the 0(4) generators of the equation (3.21) to yield new generators of £(3). For this purpose we set obtained from (3.32) and (3.21) in the limit .8 -00, provide a realization of the £(3) Lie algebra. Thus, starting with a realization of £(3) with the generator Pa, }a and invariants pi = I, J .p = 0C0, we have exhibited a realization of £(3) Lie algebra by p a' }a with arbitrary value ~ for J .p (and pi = I ). It must be noted that since the value of the invariant J .Pis changed, (3.33) does not represent a canonical transformation generated by any function of J or P. It may be seen that the minimum value reached by]l under finite canonical transformation generated by Pis ~I. Hence, if 1«1 ~ l«el, the region }1 ~ «1, where Pa is real, is mapped into itself by the finite canonical transformation generated by P or J, and thus we obtain a real realization of £(3) in this region. On the other hand, if 1«1 < l«el, for every finite canonical transformation generated by P, there are some real points (P .' J.) which are carried into image points (P~ , J'J with complex p~ .
REALIZAnoN OF SU(3) AND SL(3, R) LIE ALGEBRAS BY ANAL Y11C FUNcnONS
OF PAND} In this section we discuss the realization of SU (3) and SL(3, R) Lie algebras from the generalized enveloping algebra of £(3). The 0(3) subalgebra of SU(3), SL(3, R), and £(3) will be taken to be identical, i.e., three of the generators of SU(3) and SL(3, R) are chosen to be Ja (a = I, 2, 3). The other five generators of SU(3) and SL(3, R) (i.e., the symmetric traceless tensors QGb and Q~. ' respectively ,) are to be determined as functions of P and J.
It is known that, in general, the unitary irreducible (matrix) representations of the group SU(3) are not only reducible with respect to 0(3), but the same 0(3) representation may appear more than once.6 However, for the special class of "completely symmetric tensor" representations, there is no such multiplicity, and only states with the same parity occur. We restrict our considerations to poissonbracket "symmetric tensor realizations" of SU(3) and SL(3, R) with even parity [i.e., QGb(P) = Qa.( -P) and Q:.(P) = Q~.( -P)] from amongst the elements of the generalized enveloping algebra of £(3).
We show below [Eq. (4.26) ] that, in any real representation of the group SU(3) with the generator J. I Qa. , the minimum value of }1 is always zero. A similar result also holds for SL(3, R). From the examples discussed up to now, we can then conclude that we ~ay restrict ourselves to an underlying £(3) realization with == pJSA (I ~ a ~ 3), (3.32) and take the limit p-00, keeping ~ fixed. (J x P)GPb + (J x P)"P .
in (4.2). For this purpose, we rewrite (4.2) with P G' I.
replaced by P~ ' I~ :
+ ho{(J' X P')"p~ + (J' X P').P~}, (4.5)
where P' and J' are given by (3.20), with J .P, i.e., --J~ = exp {~/')}JG = J., --P~ = exp {~/')}Pa, This proves the statement that in any realization ot SU(3), the value 12 = ° is always attained and this is. of course, the minimum value. Let us next evaluate the maximum value of 12. Le, (P a' la) be the point where 12 is maximum. We first perform an orthogonal rotation (3.5), generated by la, which leaves 12 unchanged, such that 11 = 12 = 0; 13 = (12)!. in facto the finite canonical transformation generated by }a, Qab carries this region into itself and provides a real ~alization of the group SU(3). We conclude this section by a brief discussion of the realization of the SL(3, R) Lie algebra. We see from is empty, whereas the constraint (5.4) reduces to J .P = 0, which implies that the "helicity" is zero.
We also choose the normalization such that pi = I. So far we have restricted our attention to the realization of some Lie algebras in terms of the elements of a generalized enveloping algebra of £(3). In this section, we wish to make some comments about its generalization to n dimensions. There are some special features of the £(3) and 0(4) algebras which do not generalize to higher dimensions. However, the symmetric-tensor-type realizations permit an immediate extension to arbitrary dimensions.
We start with "'e symmetric-tensor realization of £(n), (n ~ 3), with the generators p a' Jab' [J"b = -Jba; a, b = I, 2, ..., n], which obey the Poisson-O(n, I) which is real over the entire phase space.
[ 6. CONCLUDING REMARKS
We have discussed the realization of certain Lie algebras in terms of the generalized enveloping algebras of certain other prescribed Lie algebras. We now make a few comments on the realizations of Lie algebras in terms of canonical variables. Such cOnstructions are important in connection with explicit realizations of the symmetry groups of Hamiltonian systems as well as in the noninvariance-group description of dynamical systems. The possibility of identifying a dynamical system (with particular emphasis on the quantum-theoretic formulation of particle physics) with the generalized enveloping algebra of a suitable Lie algebra has been discussed elsewhere by one of the authors.8 The problem of the recovery of the canonical variables for the system is also an essential dynamical problem.
To give an example, consider the special, familiar case of the Kepler problem. The generators of the Euclidean noninvariance group £(4) are, in this case, given by. Given these ten generators, one could construct the primitive dynamical variables. These points are discussed in more detail in a paper by two of us.t
We only mention that such a construction yields MB expressio~s which a~e undefined (s~gu1a.r) when the Hamiltonian H varushes. The HamiltOD18n H only plays an a~iary role in the construction of the canonical vanables. We could cqually weU write down some functions of these ten generators which satisfy r~nonical Poisson-bracket relations. In another publication,11 one of the authon has discussed the construction of n pairs of canonical variables from the generalized enveloping algebra of the classical groups SU(n + I) and O(n + 2). i. N. Mutunda. I. Math. Pbyt. I. 1069 Pbyt. I. (1967 .
